Abstract. Cyclic, ramified extensions L/K of degree p of local fields with residue characteristic p are fairly well understood. Unless char(K) = 0 and L = K( p √ π K ) for some prime element π K ∈ K, they are defined by an Artin-Schreier equation. Additionally, through the work of Ferton, Aiba, de Smit and Thomas, and others, much is known about their Galois module structure of ideals, the structure of each ideal P n L as a module over its associated order
Introduction
Let K be a complete local field with valuation v K normalized so that v K (K × ) = Z and residue field κ finite of characteristic p > 0. This means that either K is a finite extension of the p-adic numbers Q p , or K is the field of Laurent series κ((X)) with X indeterminate. We are interested in ramified extensions L of degree p over K. Certainly, some of these extensions are generated by a root of a prime element π K ∈ K, namely, L = K(x) with x p = π K . Such extensions are special. In char(K) = p, these are the inseparable extensions. We call them atypical, and restrict our attention to typical extensions, those that cannot be generated by a root of a prime element. For these extensions, we are interested in addressing two classical questions. The first question concerns the defining polynomial. As is well-known, when a typical extension L/K is Galois, it can be defined by a Artin-Schreier polynomial
with its ramification number b, defined as in [Ser79] , satisfying p ∤ b and v K (β) = −b [MW56] . By adjusting the argument of [MW56] , as presented in [FV02, Chapter III §2], we prove that every typical extension can be defined by a polynomial of the form
where again, the ramification number for L/K is linked in a transparent manner to the valuations of the coefficients. Elsewhere, namely [Ama71] , such extensions are defined in terms of Eisenstein polynomials. The value of defining extensions by (2) is that in additional to a transparent description of ramification, other properties can be easily described. Indeed, this is why they were first of interest for global function fields, where they are used to determine the Hasse-Witt invariant [Sul75, LRCMR12] .
The second question concerns Galois module structure, or rather, for a general typical extension, what must be called Hopf-Galois module structure. We begin by introducing the question in its classical setting, when L/K is Galois with G = Gal(L/K). Here the search is for an integral version of the Normal Basis Theorem. Based upon results of Noether and Leopoldt, the question asks for conditions under which the ring of integers O L = {x ∈ L : v L (x) ≥ 0} in L is free over its associated order
that acts on O L . For general extensions, this and variations of this question present very difficult problems, and progress starting in the 1970s has been slow. On the other hand, for one specific class of extensions, cyclic of degree p, progress has been good [Fer73, Aib03, dST07, Mar13, Huy14] . One explanation for this progress is that cyclic ramified extensions of degree p naturally possess a scaffold. This is discussed in [BCE14, §4.1], although the definition of scaffold, as presented in [BCE14] in its full generality, may be a challenge to digest. For extensions of degree p however, a very simple sufficiency condition is available: If there is an element x ∈ L with p ∤ v L (x) and an element Ψ ∈ K[G] that "acts like" the derivative d/dx on the K-basis {x
for L over K, there is a scaffold. As we shall see, "acts like" is exact in char(K) = p, namely Ψ · x i = ix i−1 for 0 ≤ i < p. In char(K) = 0, it is approximate:
is the prime ideal and the degree of approximation is captured by the integer T ≥ 1, the tolerance of the scaffold.
As explained in [BCE14, §4.1], using the scaffold and assuming a lower bound on absolute
Furthermore, letting 0 ≤b < p be the residue of b mod p, we can conclude that
(1) Pb L is free over its associated order.
(2) O L is free over its associated order if and only ifb | p − 1.
L/K is free over its associated order if and only ifb = p − 1. These statements also follow from [Fer73, Aib03, dST07, Mar13, Huy14] . The purpose of this paper is to extend these cyclic results to typical extensions L/K, including those that are not Galois. This is accomplished by first using [Chi89, §2] to identify the unique K-Hopf algebra H that acts upon L (making L an H-Galois extension). This Hopf algebra has one generator. We explicitly describe the action of this generator on the K-basis {x
for L with x satisfying (2), and observe that this yields scaffold for the H-action on L. Once a scaffold exists, the main results of [BCE14] apply. In particular, the three statements above hold, with the associate order of an ideal
Other structural results hold as well. But for those, we direct the reader to [BCE14] .
Remark 1. The focus of this paper is on a uniformity of approach, based upon a certain defining equation. Thus we don't discuss Hopf-Galois module structure in the setting of atypical extensions. In char(K) = p, these extensions are inseparable. See [BCE14, §5] and [BEK, §6] for two different Hopf algebras that act upon L/K and a discussion of their resulting Hopf-Galois module structure. In char(K) = 0 with L/K Galois, see [Fer73] .
1.1. Summary of notation. Let p be a prime. The field K is either a finite extension of the p-adic numbers (in char(K) = 0), or a field of Laurent series (in char(K) = p).
Following common conventions, we use subscripts to denote field of reference. So v K is the valuation normalized so that
is the ring of integers in K. It has a unique maximal ideal
The field L is typical if it is a ramified extension of K of degree p that is not generated by a pth root of a prime element π K .
Typical extensions & ramification
Theorem 2.1. If L/K is a typical extension, there are positive integers: ef = d | p − 1, 0 ≤ t < e, gcd(t, e) = 1 and 0 < b + pt/e < v L (p)/(p − 1) with gcd(b, p) = 1, as well as two elements: α, β ∈ K satisfying v K (β) = −b, and α = π
Conversely, every such equation yields a typical extension with ramification number
and different
The Galois closure for L/K is M = K(x, y) where y d = α, with degree of inertia f and ramification index ep. To describe the Galois group, let r be an integer of order d modulo p. Let ρ = r in char(K) = p and let ρ be the Teichmüller character for r (a primitive dth root of unity in the p-adic integers Z p such that ρ ≡ r mod p) when
Remark 2. In char(K) = p, v L (p) = ∞ and there is no upper bound on ℓ. To transition from first to the second, simply add 1 to both coordinates. Therefore, when comparing the statement in this theorem with other results, it is important to bear this in mind. We use Serre values. The equation
Example 2] with K = Q p and π K = p where the ramification number is reported as p/(p − 1). This is an Artin value. Using Theorem 2.1 with f = t = 1, e = d = p − 1, b = −1 and α = β = π K , the Serre value is 1/(p − 1). The difference between the two values is 1.
The rest of this section is concerned with the proof of Theorem 2.1. We begin with an exercise in group theory. Since the residue field κ is finite, the group G = Gal(M/K) for the Galois closure M/K of L/K is solvable [Ser79, IV §2 Corollary 5]. Any solvable transitive subgroup G of the symmetric group S p on p letters contains a unique subgroup σ of order p and is contained in the normalizer of σ in S p (e.g. [DF04, pg. 638 Exercise 20]). Note that Gal(M/K)/ σ cyclic of order d for some d | (p − 1). Let M ′ be the fixed field of σ , a cyclic extension of K of degree d. Let τ be the subgroup that fixes L. From this it follows that there is an integer r of order d modulo p such that G is as in the statement above. At this point, the elements σ, τ ∈ G along with the integers d, r are fixed. We characterize M ′ . Since the residue field κ contains F × p , K contains the dth roots of unity. Thus M ′ /K is Kummer and
′ , respectively. We can replace y by yπ i K and still have a Kummer generator for M ′ /K, and so we can assume that 0
′ is totally ramified and tame (including the case e = 1 where
Since both y and z are Kummer generators of M ′ /K ′ we have y = z t ω for some 1 ≤ t ≤ e satisfying gcd(t, e) = 1, and
But then, without any loss of generality, we can replace µ by µ s and relabel, since the descriptions of these two elements are the same. Now for the converse, observe that for y d = α with α as above, y e /(π t K γ) satisfies the equation v f = µ and thus generates an unramified extension of degree f . Furthermore, y satisfies y
Consider the cyclic extension M/M ′ , which is ramified because L/K is ramified of degree p, and ramification is multiplicative in towers. Assume for a contradiction that
Since gcd(f, p) = 1, this means that we can generate L by a pth root of a prime element, contradicting our assumption that L/K is typical. We conclude that M/M ′ is a typical Galois extension, which means that
′ , and set
Let G i be the ramification filtration for Gal(M/K), then G i ∩ σ yields the ramification filtration for Gal(M/L) = τ . As a result the maximal unramified extension of L, called
. Thus r ≤ (n + e − 1)/e, and so Tr(P
So b ′ = eb + pt + r for some 0 ≤ r < e, and
In char(K) = p, this is λ = x. In char(K) = 0, the process is more complicated, and thus the two arguments will diverge. But before they diverge, observe that as soon as we identify an element λ ∈ L such that (σ − 1)(λ/y) ∈ 1 + P M , we may conclude that r = 0. Indeed,
The reason is that
′ , which would imply (σ − 1)(λ/y) ∈ P M . Additionally, as soon as we prove
Since ρ = r, using (3) we have
which means that (σ − 1)x = y. Therefore
Determining λ for char(K) = 0. In this case, x, as defined by (3), only provides us with a first approximation for λ. We will set λ 0 = 0, λ 1 = x ∈ L, and construct a sequence {λ n } ⊂ L satisfying certain properties such that λ = lim λ n gives us the desired element. First, we need three preliminary results. Observe that
Proof. Recall that M = M ′ (X) where X satisfies an Artin-Schreier equation and (σ −1)X = 1 + ε where
where Tr is the trace for M/L. Recall that Tr(P
Proof. Using Lemma 2.2, we have
Multiplying back through by y, it is enough to show that v M (py(x/y)
′ − (eb + pt) = r and follows from Lemma 2.2.
We require one more lemma, which is a generalization of [FV02, (2.2) Lemma].
Proof. Let π L ∈ L be a prime element, and express
We are now prepared to follow the argument from [FV02, pg. 76] by constructing a sequence {λ n } ⊂ L that satisfies the following conditions
with ℘ α defined in Lemma 2.3. Once we have done this, we will set λ = lim λ n , and observe that v L (λ) = −b and ℘ α (λ) ∈ K. To do this, we will define an auxiliary sequence
If we ever have δ n = 0 then since ℘ α (λ) ∈ K. Simply set λ = λ n . This means that we can assume throughout the argument we can assume that δ n = 0, and by
, and (σ − 1)λ n = y + y∆ n where
, all that remains of (4) to be verified, is that v M (δ n+1 ) ≥ v M (δ n ) + 1, and this is the next result.
Lemma 2.5.
Proof. Using the definition of δ n , this is the same as proving that
There are two summands to consider. Consider the first. Note that
follows that the first summand is 0 mod δ n P M . Consider the second. Note that
We have proven that there is a λ ∈ L such that v L (λ) = −b, (σ − 1)(λ/y) ∈ 1 + P M , and
2.1. Ramification. We turn now to the ramification break number for the extensions described in Theorem 2.1. The ramification number for M/M ′ is b ′ = eb + pt. The Herbrand function for M/K, using numbering as in [Ser79] and graph from [AT90, page 116], contains a segment of slope 1/e from the origin to x = eb + pt. Then a ray of slope 1/(ep). We are interested in the vertex (eb + pt, b + pt/e), as it gives the largest upper ramification number for M/K as b + pt/e, and thus gives b + pt/e as the upper ramification number for L/K. Since the Herbrand function for L/K has a segment of slope 1 to y = b + pt/e, followed by a ray of slope 1/p, the upper and lower ramification numbers for L/K agree and equal
Unless e = 1, ℓ is not an integer.
Different. Using the fact that D
with the formula for the exponent on the different in the Galois case, namely [Ser79, IV §Proposition 4], we see that
M . Therefore
Thus the same expression for the exponent of the different in terms of the ramification number for the extension holds regardless of whether L/K is Galois or not.
Hopf-Galois module structure
Greither and Pareigis have classified the finitely many Hopf-Galois structures that are possible for a given separable extension [GP87] . Childs has showed that there is only one such structure when we restrict to separable extensions L/K of degree p [Chi89, §2], which means that there is only one for typical extensions. While Childs assumes char(K) = 0, his argument applies equally well in char(K) = p. Here, we provide a sketch of [Chi89, §2] , relaying on [Chi00] for some of the details. The Hopf algebra H that provides the unique Hopf-Galois structure is described by descent. When the extension is Galois, H is just the group algebra K[G]. In any case, Theorem 2.1 then allows a simple, explicit description of the action of H on L/K. Without any adjustment, a scaffold exists for this action. We close with a discussion of what this means for the H-Galois module structure of the ideals of L.
3.1. Hopf-Galois structure. 
Proof. As Childs explains in [Chi89, §2], the unique Hopf algebra H is described by descent. Using our notation, the group algebra 
These orbits biject with {(i, t) : 0 ≤ i < d, 0 ≤ t < s}, a set with ds = p − 1 elements. Together with 1, we have K-basis of dimension p for H. We would like now, as in [Chi89, §2] , to perform a change in basis. First, we introduce, mechanically, the basis change from [Chi89, §2] . Second, we motivate everything based upon [Chi00, §16]. Observe that θ(i, t) = θ(i + bd, t) for all b ∈ Z, and for 0 ≤ i < p, let
The idea is to replace, for a fixed i in 0 ≤ i < d, the s elements {y i θ(i, t) : 0 ≤ t < s} in our basis with the alternate s elements + as well. We now adjust Childs' basis very slightly to one more amenable to our purposes. Set j = p − i − 1 and for 1 ≤ i < p − 1, set
and additionally, Ψ p−1 = −(Θ(0) − (p − 1))/y p−1 . Thus {Ψ j : 1 ≤ j ≤ p − 1} is a K-basis for H + . We now use [Chi00, §16] to explain this choice of basis, and find, as a result of this explanation, that H = K[Ψ 1 ]. In [Chi00, §16], a homomorphism is defined from F × p to the group of Hopf algebra automorphisms of H. Let χ be the identity map in char(K) = p, and the Teichmüller character such that the primitive root r 0 ∈ F × p maps to ρ 0 ∈ Z p in char(K) = 0. Given m ∈ F × , the automorphism is denoted by [m]. It is proven that
In either case, the idempotent elements of the group ring decompose In char(K) = p, it is easy to show that x i 1 = i!x i for 1 ≤ i < p, and thus this is something we do in Lemma 3.2. As a result, using the formula for comultiplication in [Chi00, (16.7)], the formula for comultiplication ∆(Ψ) in the statement in the theorem follows. In char(K) = 0, there are units w i ∈ Z p such that x i 1 = w i x i that do not a simple description, and thus we leave the formula for ∆(Ψ) implicit.
Lemma 3.2. Let Z (p) be the integers localized at p. Then For 1 ≤ i ≤ p − 1,
Proof. Since r 0 is a primitive root modulo p, 
From this the result follows.
3.2. Hopf-Galois module structure. Based upon Theorem 3.1, H = K[Ψ] is the unique Hopf algebra that makes the typical extension L/K Hopf-Galois.
be a typical extension of K, with x as in Theorem 2.1 and ramification number ℓ. Then Ψ · 1 = 0 and for
Proof. Recall that σ is an automorphism of M/K. Since 
Since ρ 0 is a primitive p − 1 root of unity,
The definition of H-scaffold in [BCE14, Definition 2.3] requires a shift parameter, which is the integer b 1 = b defined in Theorem 2.1, two functions b and a, which are b : {0, 1, . . . , p − 1} → Z defined by b(s) = sb and a : Z → {0, 1, . . . , p − 1} defined by a(t) ≡ −tb −1 mod p. It requires elements λ t = x a(t) π ft K ∈ L for t ∈ Z. Let f t be defined by t = −a(t)b + f t p. Therefore v L (λ t ) = t and λ t 1 λ −1 t 2 ∈ K when t 1 ≡ t 2 mod p, as required. It requires an element Ψ 1 = Ψ ∈ H that because Theorem 3.3 satisfies the required properties in order for there to be a H-scaffold of tolerance
where, within Z (p) , the integers localized at p, ℓ ≡ b mod p.
And so, similar to the discussion in [BCE14, §4.1] we have 0 < ℓ < v L (p)/(p − 1), and if
we can apply [BCE14, Theorem 3.1 and 3.7] to any ideal P n L to (1) determine a basis for its associated order
2) determine that A H (n) is a local ring, with maximal ideal M and residue field A H (n)/M ∼ = κ = O L /P L , (3) determine whether P n L is free over A H (n). Indeed, (4) determine the number of generators for P n L over A H (n) if it is not free, and (5) determine the embedding dimension dim κ (M/M 2 ).
Indeed, as a result of the scaffold, the results of [Fer73, Aib03, dST07, Mar13, Huy14] under (6), proven for Galois extensions, hold for non-Galois extensions as well.
In particular, as in the Introduction, if we set 0 <b < p such thatb ≡ b ≡ ℓ mod p, then (1) For all n ≡b mod p, P n L is free over its associated order A H (n). 
Concluding remarks
The definition of a scaffold, as presented in [BCE14] , was still evolving when the term, Galois scaffold, was coined in [Eld09] . The intuition, as articulated in [Eld09, §1] , was that extensions with Galois scaffolds are somehow extensions that are no more complicated than ramified cyclic extensions of degree p. A more mature intuition is now available and is articulated in [BCE14, §1] . Still the first intuition is useful, and now that scaffolds have been defined more broadly than just for Galois extensions and classical Galois module theory, the question arose whether scaffolds are similarly present in ramified extensions of degree p that are not Galois and their Hopf-Galois structures. This paper considers separable extensions. Elsewhere, evidence is provided for inseparable extensions [BCE14, §5] , [BEK, §6] .
